Indicated coloring is a graph coloring game in which two players collectively color the vertices of a graph in the following way. In each round the first player (Ann) selects a vertex, and then the second player (Ben) colors it properly, using a fixed set of colors. The goal of Ann is to achieve a proper coloring of the whole graph, while Ben is trying to prevent the realization of this project. The smallest number of colors necessary for Ann to win the game on a graph G (regardless of Ben's strategy) is called the indicated chromatic number of G, denoted by χ i (G). In this paper, we have shown that for any graphs G and
Introduction
All graphs considered in this paper are simple, finite and undirected. For any positive integer k, a proper k-coloring of a graph G is a mapping c : V (G) → {1, 2, . . . , k} such that for any two adjacent vertices u, v ∈ V (G), c(u) = c(v). A graph is said to be k-colorable if it admits a proper k-coloring. The chromatic number χ(G) of a graph G is the smallest k such that G is k-colorable.
In this paper, P n , C n and K n respectively denotes the path, the cycle and the complete graph on n vertices. For any graph G, let G denotes the complement of G.
Let us recall some of the definitions which are required for this paper.
Let F be a family of graphs. We say that a graph G is F -free if it contains no induced subgraph which is isomorphic to a graph in F . Next, the coloring number of a graph G (see [8] ), denoted by col(G), is defined as the smallest number d such that for some linear ordering < of the vertex set, the "back degree" |{y : y < x, xy ∈ E(G)}| of every vertex x is strictly less than d. In other words, if the vertices of G are x 1 , x 2 , . . . , x n , then col(G) = 1 + min
where the minimum is taken over all permutations p of {1, 2, . . . , n} and G p(i) is the subgraph of G induced by x p(1) , x p(2) , . . . , x p(i) , and where d(x, H) denotes the degree of a vertex x in a graph H. It is clear that col(G) ≤ ∆(G) + 1. Equivalently, the coloring number can be defined as 
Let G be a graph on n vertices v 1 , v 2 , . . . , v n , and let H 1 , H 2 , . . . , H n be n vertex-disjoint graphs. An expansion G(H 1 , H 2 , . . . , H n ) of G (see [1] ) is the graph obtained from G by (i) replacing each v i of G by H i , i = 1, 2, . . . , n, and (ii) by joining every vertex in H i with every vertex in H j whenever v i and v j are adjacent in G.
. . , H n ) is said to be an independent expansion of G and is denoted by player Ben is trying to prevent the realization of this project. If all the vertices are colored then Ann wins the game, otherwise Ben wins (that is, at that stage of the game there appears a block vertex. A block vertex means an uncolored vertex which has all colors from C on its neighbors).
The minimum number of colors required for Ann to win the game on a graph G irrespective of Ben's strategy is called the game chromatic number of the graph G and it is denoted by χ g (G).
There has been a lot of papers on game coloring. See for instance, [7, 12, 15, 16] . The idea of indicated coloring was introduced by A. Grzesik in [6] as a slight variant of the game coloring in the following way: in each round the first player Ann selects a vertex and then the second player Ben colors it properly, using a fixed set of colors. The aim of Ann as in game coloring is to achieve a proper coloring of the whole graph G, while Ben tries to "block" some vertex.
The smallest number of colors required for Ann to win the game on a graph G is known as the indicated chromatic number of G and is denoted by χ i (G). Clearly from the definition we see that
For a graph G, if Ann has a winning strategy using k colors, then we say that G is k-indicated colorable.
A. Grzesik in [6] has shown that a graph G being k-indicated colorable need not naturally guarantee that G is (k + 1)-indicated colorable. Thus A. Grzesik raised the following question:
For a graph G, if G is k-indicated colorable, will it imply that G is also (k + 1)-indicated colorable? The question still remains open. One can equivalently characterize all graphs G which are k-indicated colorable for all k ≥ χ i (G). There has been already some partial answers to this question. For instance in [2] [3] [4] 11] , it has been proved that the chordal graphs, cographs, complement of bipartite graphs, {P 5 , K 3 }-free graphs, {P 5 , paw}-free graphs, {P 5 , K 4 − e}-free graphs, {P 5 , K 4 , Kite, Bull}-free graphs, connected {P 6 , C 5 , P 5 , K 1,3 }-free graphs which contain an induced C 6 , K[C 5 ](m 1 , m 2 , . . . , m 5 ), {P 2 ∪P 3 , C 4 }-free graphs, connected {P 5 , P 2 ∪ P 3 , P 5 , Dart}free graphs which contain an induced C 5 , {P 5 , C 4 }-free graphs, for n, m ≥ 3, K m T , C n T , K m C n and G * T are k-indicated colorable for all k greater than or equal to their chromatic numbers, where T is any tree and G * is a {2K 2 , C 4 }-free graph. In addition, M. Lasoń in [9] has obtained the indicated chromatic number of matroids. In this paper, we have shown that for any graphs G and H, G[H] is k-indicated colorable for all k ≥ col(G)col(H). Also, we try to add some more families of graphs which are k-indicated colorable for all k ≥ χ(G).
In [5] , D. P. Geller and S. Stahl have proved that for any graphs G and H, if χ(H) = ℓ, then
We have proved a similar type of result for indicated coloring. For any graph G and for some special families of graphs H with χ(H) = χ i (H) = ℓ, we have shown that G[H] is k-indicated colorable if and only if G[K ℓ ] is k-indicated colorable. One can observe that the lexicographic product of a graph G with a complete graph is a particular case of the complete expansion of the graph G. In this direction, we are interested in studying the indicated coloring of the complete expansion of a few families of graphs. In this paper, we have proved that if T is a tree on at least 3 vertices and if G is a graph which is T -free or C ℓ -free, ℓ ≥ 4 (or) P t -free, t ≥ 4, then the complete expansion of G is also T -free or C ℓ -free (or) P t -free respectively. Also we have proved that if the graph G ∼ = K[H], where H ∈ G = Chordal graphs, Cographs, Complement of bipartite graphs, {P 5 , C 4 }-free graphs, connected {P 6 , C 5 , P 5 , K 1,3 }-free graphs which contain an induced C 6 , Complete multipartite graphs , then G is k-indicated colorable for all k ≥ χ(G).
As a consequence of these results, we have shown that if G ∈ G and H ∈ F = Bipartite graphs, Chordal graphs, Cographs, {P 5 , K 3 }-free graphs, {P 5 , P aw}-free graphs, Complement of bipartite graphs, {P 5 , K 4 , Kite, Bull}-free graphs, connected {P 6 , C 5 , P 5 , K 1,3 }-free graphs which contain
). In addition, if G is a Bipartite graph or a {P 5 , K 3 }-free graph (or) a {P 5 , P aw}-free graph and H ∈ F , then we have shown that
Notations and terminologies not mentioned here are as in [14] .
Indicated coloring of lexicographic product of graphs
Let us start Section 2 by recalling a result proved in [11] . Proof. Let G and H be any graphs with n and n ′ vertices respectively. By the definition of col(G) and col(H), the vertices of G and H can be ordered as u 1 , u 2 , . . . , u n and v 1 , v 2 , . . . , v n ′ , such
. . , v j respectively. Also it can be seen that by presenting the vertices in the order u 1 , u 2 , . . . , u n , Ann has a winning strategy using ℓ colors for G, for every ℓ ≥ col(G). The same can be observed for H.
Let k ≥ col(G)col(H). Let Ann start by presenting the vertices of H u 1 in the order (u 1 , v 1 ), (u 1 , v 2 ), . . . , (u 1 , v n ′ ) until Ben uses col(H) colors and let (u 1 , v j 1 ), j 1 ≤ n ′ , be the last vertex presented by Ann in H u 1 . Next, let Ann present the vertices of H u 2 in the order (
until Ben uses col(H) colors in H u 2 and let (u 2 , v j 2 ), j 2 ≤ n ′ , be the last vertex presented by Ann in H u 2 . Let us assume that Ann has followed the same strategy to present the vertices of 
colors available for the vertices of H u i . This is true for every i ≤ n. Thus Ann can follow the same strategy to present the vertices of H u i , 3 ≤ i ≤ n until Ben uses col(H) colors and let (u i , v j i ), j i ≤ n ′ , be the last vertex presented by Ann in H u i .
Finally, let Ann present the remaining vertices of 
For every non-complete graph H ′ , |H ′ | − 1 − δ(H ′ ) is strictly positive. So we can suitably choose G and H such that (col(G) − 1)(|H ′ | − 1 − δ(H ′ )) is arbitrarily large.
We now define a family H of graphs.
A graph G belongs to H if Ann has a winning strategy using χ i (G) colors which she can follow until Ben uses χ i (G) colors for the vertices of G and for the remaining vertices she has a way of extending this to a winning strategy using k colors, for any k ≥ χ i (G).
Let us now consider the indicated coloring of the lexicographic product of any graph G with a graph H ∈ H with χ(H) = χ i (H). Proof. Let G be any graph and H ∈ H be a graph with χ(H) = χ i (H) = ℓ whose vertices are u 1 , u 2 , . . . , u n and v 1 , v 2 , . . . , v n ′ respectively. Let us first assume that G[K ℓ ] is k-indicated colorable and let st G[K ℓ ] denote a winning strategy of Ann for G[K ℓ ] using k colors. Also, let st H be a winning strategy of Ann for H using ℓ colors. Corresponding to the strategy st H of H, for 1 ≤ i ≤ n, Ann can get a winning strategy for H u i , by presenting the vertex (u i , v) whenever v is presented in the strategy st H . Let us call this winning strategy of H u i as st H i . Using the strategies st G[K ℓ ] and st H i , for 1 ≤ i ≤ n, we shall construct a winning strategy for Ann for the graph G[H]
using k colors as follows.
In st G[K ℓ ] , if the first vertex presented by Ann belongs to K ℓu i , for some i, 1 ≤ i ≤ n, then let Ann present the first vertex from H u i by following the strategy st H i of H u i . If Ben colors it with a color, say c 1 , then we continue with the strategy st G[K ℓ ] by assuming that the color c 1 is given to the vertex which was presented in K ℓu i . If the second vertex presented by Ann in the strategy st G[K ℓ ] belongs to K ℓu j , for some j (not necessarily distinct from i), 1 ≤ j ≤ n, then as per the strategy of st H j , let Ann present the vertices of H u j until a new color is given by Ben to a vertex in H u j , say c 2 . That is, if Ann presents the vertices from the same H u i , then Ann will continue presenting the vertices until a vertex from a new color class in H u i is presented. Instead, if Ann presents a vertex from H u j , i = j and 1 ≤ j ≤ n, then that vertex will be a vertex from a new color class in H u j . This is because this is the first vertex presented from H u j . Then we continue with the strategy st G[K ℓ ] by assuming that the color c 2 is given to the vertex presented by Ann in At this stage, that is, when all the vertices in G[K ℓ ] have been presented using the strategy st G[K ℓ ] as shown above, we see that the number of colors used in H u i , for 1 ≤ i ≤ n, will be exactly ℓ. Also there maybe some uncolored vertices left in G[H]. For 1 ≤ i, j ≤ n, the colors given to the vertices of H u i cannot be given to the vertices of H u j , for any u j such that u i u j ∈ E(G). Thus Ben has at least ℓ colors available to color the remaining uncolored vertices of H u i . Also by our assumption that H ∈ H, even if the number of colors available for Ben is ℓ ′ ≥ ℓ, Ann will still have a winning strategy to present the remaining uncolored vertices of H u i using ℓ ′ colors. Hence G[H] is k-indicated colorable. Now, let us assume that G[H] is k-indicated colorable. Let f be some χ-coloring of H. Corresponding to this χ-partition of H, for any i such that 1 ≤ i ≤ n, we can get a χ-partition for H u i , say f i , by placing two vertices (u i , v) and (u i , w) in the same color class whenever v and w are in the same color class in f . Also, let st G[H] be a winning strategy of Ann using k colors for G [H] when Ben uses the following strategy: For each of the H u i , Ben will not change the color classes of f i . That is, Ben will color two vertices with the same color in H u i if and only if they belong to the same color class in f i . When we say that we use the strategy st G[H] for G[H], it means that the strategy followed by Ben will be the fixed strategy mentioned in the previous line. Using this strategy st G[H] and the χ-partitions f i , we shall construct a winning strategy for Ann for the graph G[K ℓ ] using k colors as follows.
In st G[H]
, if the first vertex presented by Ann belongs to H u i , for some i, 1 ≤ i ≤ n, then let Ann present the first vertex from K ℓu i . If Ben colors it with a color, say c 1 , then we continue with the strategy st G[H] by assuming that the color c 1 is given to the vertex which was presented in H u i . As per st G[H] , let Ann continue by presenting the vertices of G[H] until a vertex of a new color class (with respect to the coloring f j ) in some H u j (not necessarily different from H u i ), 1 ≤ j ≤ n, is presented by Ann. That is, if Ann presents the vertices from the same H u i , then Ann will continue presenting the vertices until a vertex from a new color class (with respect to the coloring f i ) in H u i is presented. Instead, if Ann presents a vertex from a H u j , i = j and 1 ≤ j ≤ n, then that vertex will be a vertex from a new color class in H u j . This is because this is the first vertex presented from H u j . Then in G[K ℓ ], let Ann present the next vertex in K ℓu j . If Ben colors it with the color, say c 2 , then we continue with the strategy st 
Theorem 3.2 ([3, 6, 11]) Let F = Bipartite graphs, Chordal graphs, Cographs, {P 5 , K 3 }-free graphs, {P 5 , P aw}-free graphs, Complement of bipartite graphs, {P 5 , K 4 , Kite, Bull}-free graphs, connected {P 6 , C 5 , P 5 , K 1,3 }-free graphs which contain an induced C 6 , K[C 5 ](m 1 , m 2 , . . . , m 5 ), {P 5 , C 4 }-free graphs, connected {P 5 , P 2 ∪ P 3 , P 5 , Dart}-free graphs which contain an induced
In [3, 6, 11] , if one closely observe the proof's of the families of graphs in F while showing that they are k-indicated colorable for every k ≥ χ(G), we can see that the winning strategy of Ann will be independent of the choice of k. Hence any graph in F is also a graph in H. Also one can observe that if G is a bipartite graph, then I[G] is also a bipartite graph. Thus For studying the indicated coloring of the lexicographic product of {P 5 , K 3 }-free or {P 5 , P aw}free graphs with a graph in H with indicated chromatic number equal to its chromatic number, let us first consider the indicated coloring of the complete expansion of the independent expansion of a graph G.
Proof. Let G be a graph with V (G) = {v 1 , v 2 , . . . , v n }. Let k be a positive integer such that any complete expansion of G is k-indicated colorable. For 1 ≤ i ≤ n, let V i denote the independent expansion of the vertex v i in I[G]. For 1 ≤ i ≤ n, 1 ≤ j ≤ |V i |, let H ij be the complete subgraphs replacing the vertex v ij of V i in K[I[G]] and let H i denote the H ij , 1 ≤ j ≤ |V i |, with the maximum cardinality. Clearly ∪ n i=1 H i is a complete expansion of G. Let us denote this subgraph by G ′ . Also, it is not difficult to observe that χ(K[I[G]]) = χ(G ′ ). By our assumption, G ′ is k-indicated colorable and hence Ann has a winning strategy for G ′ using k colors. Let the color set be {1, 2, . . . , k}. Let Ann present the vertices of G ′ according to this winning strategy and then presents the remaining vertices of K[I[G]] in any order. For 1 ≤ i ≤ n, V i forms an independent set and hence for 1 ≤ j 1 < j 2 ≤ |V i |, no vertex in H ij 1 is adjacent to any vertex in H ij 2 . Also for 1 ≤ j ≤ |V i |, the neighbors outside the complete expansion of V i for any two vertices in the complete expansion of V i is the same and hence the colors given to the vertices of H i will be available for the vertices of H ij . Thus K[I[G]] has an indicated coloring using k colors. Next, let us consider the indicated coloring of the complete expansion of complete multipartite graphs.
